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Flexural Behavior of a Rotating Sandwich Tapered Beam

C. L. Ko*
Oakland University, Rochester, Michigan

Governing equations for the dynamic and flexural behavior of a rotating sandwich tapered beam with two nonsym-
metrical facings are formulated by using the variational principle. Because of the asymmetric geometry and the
centrifugal effects, the neutral axis does not necessarily coincide with the centroidal axis. The analysis takes this
behavior into consideration and, therefore, differs from existing formulations substantially. Both the core and facings
are consistently modeled as either Timoshenko beams or Euler-Bernoulli beams. The flexural behavior of tapered
sandwich rotating beams with uniformly or linearly distributed loads is investigated by solving the governing equation

using the finite-difference technique.

1. Introduction

ANDWICH constructions with high-strength facings and
a lightweight core have been very popular in aerospace
applications. Typical sandwich members used varied from
structural panels in aircraft and spacecraft to the helicopter
rotor blades. (See Ref. 1 for a brief overview of various appli-
cations.) An additional possible application that has not been
investigated extensively is related to the construction of struc-
tural components of robots. In general, the lightweight and
high-modulus characteristics of the sandwich construction nor-
mally have great advantages of high movability, power-saving,
quick response time, and high strength in robotics applications.
Extensive publications have been available concerning the
design and analysis of sandwich structures. References 2 and 3
are entirely devoted to this subject. Knoell and Robinson* also
summarized important developments for flexural and vibration
analyses of sandwich beams. To name a few, they include Hoff
and Mautner,” Yu,® Mead and Markus,” Di Taranto,?
Hashin,® and Krajcinovic.!® In addition, Kimel et al.,!* Raville
et al.,!2 James,* Glaser,'* Clary and Leadbetter,'’ and Bert et
al.’¢ also performed experimental measurements of natural fre-
quencies and damping behavior of a rectangular sandwich
beam. All of the analyses mentioned were primarily for a sym-
metrical rectangular beam without rotation. For such cases,
the neutral axis was considered to be the centroidal axis of the
beam. For a nonsymmetrical rotating beam, the neutral axis is
no longer coincident with the centroidal axis due to the varia-
tions of axial displacement resulted from both the asymmetric
tapering and centrifugal effects. Lo and Renbarger!” and Boyce
et al."® investigated the vibrations of uniform rotating beams
without considering the effect upon the neutral axis position
from the centrifugal actions. Recently, Tomar and Jain!® con-
sidered thermal effect on natural frequencies of a rotating
wedge-shaped uniform beam. Hoa?® and Laurenson?! also con-
sidered the influence of mass representation for rotating struc-
tures. However, based on the author’s knowledge, the
rotational effects upon the behavior -of a sandwich tapered
beam never have been investigated up to this date.
" As it was pointed out by many investigators (see Ref. 4), the
shear deformation of the core plays an important role in the
flexural and dynamic behavior of a sandwich beam. Therefore,
the flexural rigidity in the core and the shear deformation of the
facings were neglected in many analyses.**%1¢ For general ap-
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plications, such as helicopter rotor blades, these quantities may
become significant. Hence, they are included in this analysis.
Similar consideration was adopted by Yu® for analysis of sand-
wich plates. However, the deviation of the neutral axis position
from the location of the centroidal axis was not considered in
his analysis.

The inertio-elastic instability of rotating uniform beams first
was reported by Brunelle.”>?® This instability is similar to the
buckling instability, except its mechanism is due to the cen-
trifugal force instead of a compressive force. Bisshop®* later
extended Brunelle’s work by including the effect of Poisson’s
ratio to a first-order approximation. Bert?® also improved the
analysis and applied it to brush-type super flywheels. However,
these existing analyses did not include the bending effect upon
the instability phenomenon. The analysis presented in this pa-
per yields both extensional and flexural modes of instability for
a sandwich beam, which have never been reported in literature.

II. Deformations of a Beam Element

Timoshenko Beams

A differential element of a deformed Timoshenko beam with
an underformed length dx is shown in Fig. 1. The x-axis of the
underformed beam is positioned at a reference plane M, M,,
and the neutral plane N, N, is located at y = #. The line normal
to the neutral axis A4,B, undergoes a rotation with an angle y
and becomes the line 47B7. Similarly, the line A4,B, rotates
with an angle ¢ + dy and becomes the line 45B} as a result of
the deformation. The reference plane M, M, and a plane seg-
ment L,L, located at y are deformed into planes MM and
LY L5, respectively. The arc length of the segment L,L, can be
related to the differential arc angle as

LiL,=(po+y)db (H
where p, is the radius of curvature of the reference plane
MM,

This differential arc angle is also related to the undeformed
differential length as follows:
_dx
Pn

de 2

where p, is the radius of curvature of the neutral plane N,N,,
and it can be determined as

Pn=pot1 3)



360 C.L.KO

Fig. 1 Deformation of a beam element.

Substituting Egs. (2) and (3) into Eq. (1), one obtains

L1L2=<1 1 +1> dx (%)
Pu Pn

The deformed arc length L7L% can also be determined as
-y o
L1L2=L1L2—(y—n)adx (5)

The tensile strain at the location y can be evaluated as

LiLy—dx
E=—"—

i (6)

Substituting Eqgs. (4) and (5) into Eq. (6), one obtains

1 @
£=(y—n)<——a—w> (N
P X

The differential axial elongation of the reference axis can also
be evaluated as

dug = MM, —dx )]

The deformed arc length of the reference axis M{ M) can be
determined as

’ ’ a a'//
M1M2=M1M2+n%dx=p0d6+r]—5x—dx 9

Substituting Egs. (2), (3), and (9) into Eq. (8), one obtains

0 1
du0=n<—¢——> dx (10)
0x  p,
Hence, the tensile strain at the reference plane becomes
Ouy oy 1
=—=ng{——-— 11
& ox ’7( ax Pn> (11

Substituting Eq. (11) into Eq. (7) yields

ou  Ou, 1 oy
S Y (R & 12
¢ ox Ox +y(p,, 6x> (12)
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If the deflection in the y-direction w is assumed to be small,
then the curvature of the neutral axis can be approximated as

1 0w,

pn  0x?

(13)

where w,, is the deflection of the neutral axis in the y-direction.
The strain distribution in Eq. (12) can then be expressed as

Juy oy 8%w,
8= ox _y<6x + ox? (14

Equation (14) implies that the axial strain varies linearly with

respect to y. The location of the neutral axis can be determined

by imposing the condition of zero strain at y = 5 in Eq. (14) as
_ (Ouy/0x)

T @01ox) + @w,/ox)

(15)

Equation (15) implies that the position of the neutral axis
varies along the longitudinal direction of the beam unless the
neutral axis coincides with the reference axis.

The axial displacement function can be obtained by integrat-
ing Eq. (14) with respect to x. In the beam theory, it is accept-
able to assume that the beam element is unstrained in the
y-direction, i.e., the deflection function does not vary in the
y-direction. In order to be consistent with this assumption and
the small-deflection theory, the higher-order integration func-
tion is neglected, and the displacement functions are approxi-
mated as

u=u0-—y<l// +%> (16)
W= w,=w, (17)

Therefore, the normal and shear strains can be expressed as

ouy oy D*w,
=T _ (¥ 1
£ =% y(ﬁx + 0x? (1)
ou ow
Y= o + P -y (19)

Euler-Bernoulli Beams

For an Euler-Bernoulli beam, the rotation  and the shear
strain y are neglected. Hence, Eq. (7) reduces to

e=(y—n/pa (20)

The tensile strain at the reference plane expressed in Eq. (11)
becomes

&= —1/p, (21)

Applying the approximations of Egs. (13) and (17), one ob-
tains

duy  0%w,
g =—— —
ox 7 ox?

(22)

The axial displacement can be expressed as follows by neglect-
ing higher-order functions:

ow,

VA (23)

u =1

III. Formulations of the Governing Equations
The problem modeled is a cantilever rectangular sandwich
beam with a fixed boundary at one end and a free boundary at
the other end, as shown in Fig. 2. The depths of the core and
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Fig. 2 A rotating sandwich cantilever beam.

facings can vary along the longitudinal axis of the beam. The
origin of the Cartesian coordinate system shown is located at
the center of the core at the fixed end. The half-depth of the
core is A,, and the transverse coordinates of the outer edges of
the top and the bottom faces are — A, and h;, respectively. The
length and the width of the beam are L and b, respectively. The
Young’s moduli of the core, the top face and the bottom face
are E,, E,, and E,, respectively. In contrast, the densities of
these three materials are p,, p,, and ps; respectively. The beam
is rotating with respect to the y-axis with a constant angular
speed Q, and the transverse component of the distributed load
per unit length acting on the beam is @, which can be a function
of both x and z. The distributed axial loads on the beam are
not shown in the figure. The vibration characteristics and the
flexural behavior are investigated by modeling it as either a
Timoshenko beam or a Euler-Bernoulli beam with their dis-
placement functions expressed in Egs. (16) and (17).

Consider a point located at (x,y,z) in the undeformed beam,
which is displaced to the position (x + u,y + w,z) due to defor-
mations; the position vector of the point after deformation
takes place can be expressed as

R=(x+ué, +(y+wi, +z¢, (24)
Unit vectors é,, é,, and é, are in X, y, and z directions, which
are the geometric axes of the beam. The angular velocity of the
beam can be expressed as

Q=-0¢, (25)

The relative velocity of the beam at (x,y,z) with respect to the
undeformed position can be determined as

dR [ou . 0w, A
v -5 =<E—zﬂ>ex +Eey + (x + u)Qé, (26)
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Applying the variational principle for the sandwich beam
with nonconservative forces, one obtains the variation of the
Lagrangian as

123 23 t
Jasz—f 5de+j SWdt=0 27
H t t

1 1 1

where 6W is the virtual work done by the nonconservative
forces applied on the beam, dT is the variation of total kinetic
energy, and oV is the variation of total strain energy of the
beam.

Timoshenko Beams
The total kinetic energy T can be determined by using Eq.
(26) as

T=T +T,+T; (28)

hy au ) 2 —hy
——zQ) dy +
J\’le(at ) Y -[—hz

a 2 h3 a 2
<o %-s0) o [ o5 -0) o o @

ks L\ 2
-+ p3(‘2ﬂ) dy:| dz dx (30)

1 (L (e n —h
Tsz—f j U pIQZ(X+u)2dy+J
2 Jo —b2 LJ—m1 —ha

h3
x p.Q%(x +u)?dy +J p3 P (x +u)? dy:| dzdx (3D

hy

The total strain energy V can be evaluated as

V=V +V, (32)

b (L hi —hy k3
V== J [J Ee?2dy + J Ex*dy + J Ey? dy] dx
2 0 —hy —h3 k1

(33)
b (L[ M —hy
sz_J [J leﬂz dy +J szz}’zd)’
2 ) —h, —hs

h3
+ J‘ ksGsy? dy] dx (34)

hy

The quantities k,, k,, and &, are the shear correction factors
for the core, the top, and the bottom faces, respectively. The
shear moduli for these three materials are denoted as G,, G,
and G;.

The nonconservative forces applied on the beam consist of
damping forces and applied loads. Therefore, the total virtual
work that results from these forces can be expressed as

SW =W, + W, + W, (35)
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where the virtual work due to viscous damping forces can be
expressed as

L (b2 Ay ou
oWy = — J J I:j Cx1<——ZQ>5u dy
o Jobp |LJ—n, ot
J ( ZQ> ou dy

<_ - zQ) Su dy] dz dx (36a)

LT fh Aw
oW, = —bJ; I:j . Cyl—téw dy
]

“m R
+j cyza—faw dy +j cyza—':aw dy] dx  (36b)

—h2 Ay

The quantities C,;, C,,, and C,; are the damping coefficients
for the axial vibrations, and C,,, C,,, and C,; are the same
quantities for the transverse vibrations of the three different
materials. The virtual work due to the applied loads can be
expressed as

oW,=b JI [w(x, 00wy + f1(x,0)0u, + fo(x,0)du,] dx (37)

where o, f;, and f, are the distributed transverse load and the
axial loads at the top and bottom faces, respectively. The axial
displacement at the top and the bottom surfaces can be evalu-
ated from Eq. (16) as

O ‘%) (39

Applying the variational principle by substituting Eqgs. (28),
(32), and (35) into Eq. (27), one can obtain three simultaneous
partial differential equations as

%u, Oug 2l// oy 8%w,
T +6x6t “\ 3 T oo
é oy 62w0 auo
+ ox I: <6x t o ox? 6—x
2 oy
+Q a,| !//+_ —al(x+u0)
ox

=fi+/2 (40)
2 2
v 5!// 3wy
<az + o) ol 3 * T
0%u ou,
tapp —a, _6t_20 ~ay 6_1‘0

0 % 6!//
T [“5 ox "\ ax = =
+ Qz[az(x +uy) — a3<l// + %>:|
ox

=fily — fohs (4D
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62w0+ awy @
g T T Ty

P (0 62./,
252~ \awor T o
a2 oy 0w, du
+6x2[ <6x T ) “55]
0 Uy oy 8w,
*ox ["9 ot <at * oxat
i i
+Q>— | a4 ¢+ﬂ — ay(x + ug)
0x 0x

— o+ (fihy— i) (42)
ox

where

ay =(2py — p2— )y + paha + p3hs
ay =[py(hi — h3) + ps(h3 — kD12
a3 =[2p,h3 + py(h3 — h3) + ps(h3 — hD1/3
a, = (2E, — E, — E)h, + Eyhy + Eshy
as = [Ey(h — h3) + Es(h3 — k]2
ag = [2Eh3 + Ex(h3 — h3) + Ey(h3 — h)]1/3
ay = 2k,Ghy + kyGolhs — ) + ksGahs — hy)
ag=(2C,, — Cos — C)hy + Coohy + Coshy
a5 =[Cop(h} — h3) + Cos(h3 — h}))/2
a0 =[2Ch3 + Cop(h — h3) + Cou(h3— D] /3
ay = (2C,; — Cpp — Cy3)hy + Coohy + Coaby

In addition to the governing equations, the boundary condi-
tions for the beam with a fixed and a free end can be derived
from Eq. (32) as

1) At the fixed end (x = 0):

%)
Vomp=wy= o2 =0 (43)
0x
2) At the free end (x = L):
o 0wy Buy
T e (44)
0%u, @—F 3w,
2% T B\ o0 T axor?
oy 0w, du,
+ ox [a6<6x + ox? % ox
b o, (30 W
Ry R
2| WO
+ QY ay| ¥ +——— ) — ax(L +uy)
ox
+ (fiho—foh3) =0 (45)

The governing equations, Egs. (40-42), and the boundary con-
ditions, Eqs. (43—45), are applicable not only for dynamic anal-
ysis but also for flexural formulations. In analysis of the
flexural action, the angular speed of the rotating beam and the
distributed loads are considered to be independent of time. For
such a case, the dependent variables become functions of x
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only, and the governing equations reduce to
dl// d2w0 duo
dx dx dx? *dx
5 dw,
+ Q% af Y +—— | —a)(x + up)
dx

=/i(x) + f2(x) (46)
d [ du dn// d*wy
dx [“5 o My Taxe

+ay +Q [az(x + ) — a3<|// + ('i%)]

= £1()hy — fo()hs (47
E [ (ay  dwy\  duy
a—[ (dx+dx ) s dx

v08 |y + ) et + uo)]

~ o) + 32 [ ok = o | (48
X

The boundary conditions become
1) At the fixed end (x = 0):

dw,

t//=u0=wo=a—=0 (49)
2) At the free end (x = L):
& {a &) &)
d dx d dx
+ Qz[a3<d/ + f) —a(L + uo)]
+ [/1()hy — f(x)hs) =0 (5D

Also, Eq. (51) can be reduced to the zero-shear condition at the
free end as follows by applying Eq. (47) at x = L:

Vo =0 (52)

The axial force, shear force, and bending moment per unit
width of the beam at the cross section can be determined in
terms of deformations as

_duy (dy d?w,
H=a (dx dx? (53)
V=ay (54)

g e (4 d2wo

Euler-Bernoulli Beams

For an Euler-Bernoulli beam, the terms that arise from the
rotation of the beam element y are neglected. In addition, the
variation of the strain energy due to shear action expressed in
Eq. (34) is also discarded. Applying Eq. (27) with the reduced
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expressions, one can obtain the governing equations as

%+ duy 3wy 02w,
M T B e T 2 oxer T ¥ vt

o [, Fwo_ o
ox 0x? Ox

dw,
QZ
+ [az o

—a(x + uo):' =fi+/ (56)

%w, 6w0 d GETA 3w,
a—— ta, Pl KRyl )
or? o 6x or? oxot?

+ 02 02w, Ouy,
oxi\% gz % ox
0 dug 0w, , 0
+6x (”9737—‘1’0 0x0t +Q ox
5,
X [a_,, W _ ax(x + uo):l
0x

0
= + == (fhs —fil) (57)

The boundary conditions become
1) At the fixed end (x =0):

Mo _ g 58
Uy =Wy =—— =
0 =Wo =22 (58)
2) At the free end (x = L):
Ouy 02w,
ox  ox* (9
0%uq 93w, + il 02w, 8u0
Gt 20 2,2
2o T B T\ Mo P ox
du 03w ow
+a -670 — Gy 0xa(t) + Qzl:"s —6;0 —a) (L + “o)]
= fohy — fil, (60)

For semistatic consideration of the flexural action only, the
governing equations reduce to

d [/ dw du, 4
e\ P der "My

d
Qz[a2 Do _ a,(uy + x)]
dx

=fi+h (61)
d2 d*w, du d dw
dT(‘ax— d0>+02dx|: as dx°‘“2(“°+x):|
=0+ (f2h3 —fih) (62)

The boundary condition expressed in Eq. (60) becomes

d d?w du dw,
ax <a6 522 —as a—;) + Qz[a3 d_xo — ay(up + L):I

=fohs —fih, (63)
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The axial force, bending moment, and shear force per unit
width of beam can be determined as

du, d?w,
H=a, Ti;cg as dx20 (64)
du d*w,
M =a d—xO ag dx;’ (65)
dM d dug dPw,
LY P i 66
dx dx (as dx % 4x? (65)

IV. Flexural Analysis for a Symmetric Rectangular
Sandwich Beam With a Uniformly Distributed Load

For the case of a rectangular sandwich beam, the depths of
the core and the facings are constant. Hence, the coefficients a
in the governing equations and the boundary conditions are
independent of x. In addition, the coefficients a, and a5 vanish,
due to symmetry in material properties and dimensions of both
facings. Only a uniformly distributed load w, is considered for
its mathematical simplicity. However, other types of loading
can be easily implemented by following the same procedures in
the analysis.

The reactions at the fixed end can be incorporated into total
equivalent distributed loads as follows by expressing them in
terms of singularity functions?®:

@ =wedx —0)° — Vodx — 0> 71+ M(x —0>"2  (67)

where ¥, and M, are the shear force and bending moment per
unit width of the beam at the fixed end, respectively. The uni-
formly distributed load per unit width of the beam is w,.

Timoshenko Beam
Combining Eqs. (47) and (48), one can obtain the following
relation:
Y o

== (68)

Since ¥ vanishes at the fixed end, Eq. (68) can be integrated
with respect to x from 0 to x to determine the angle of rotation
for a uniformly distributed load w as

v ==2¢x
a

— 0! —5<x —0)° +% x—=0>"1 (69)
7 a; a;

Using Eq. (69) and also eliminating a, and a5 from Egs. (46)
and (47), one obtains the governing equations as

d2
dT“;’+ﬂ2uo= e (70)
dw, Ldw, o Qo 1 d
=2 &he 1°9 7
dx* te dx? as aq¢ a; dx? (70

where
a? = a;0%/ag, B%=a,¥?a,

The boundary conditions at x = L can be obtained as follows
by simplifying Eqgs. (55) and (51):

du,
-0 =0 72
il (72)
dPw, )

=— — 73
dx2 x=L a; ( )
dw, , dwy

— =0 74

dx3 x =L . dx x =L ( )
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The solutions of Eqgs. (68) and (69), which satisfy boundary
conditions in Egs. (72-74) and (49), can be determined as

sinfix
Uy = —
°7 B cospL X

(75)

0oL tanaL(l —c ) + si + cosax — 1
Wo=— aL(1 — cosox) + sinax 4 | ————
°7 4,Q% aL cosaL

2
X [tanaL(l — cosax) + sinox + az_);_ — ocx:I (76)

It is obvious that the beam becomes unstable if either of the
following conditions exist:

cosal =0 7
cosfL =0 (78)

The critical angular speeds of rotation can be determined as

Q= x(n —YVa,/a,L2 79)
and
Q=x(n —HYag/a;L? 80

where n can be any positive integer.

The instability is similar to the case of buckling, except that
the mechanism is a result of the centrifugal force instead of a
compressive force. It was first reported by Brunelle®® as the
inertio-¢lastic instability.

For a homogeneous rectangular beam that has a width b, a
cross-sectional area 4, and a moment of inertia 7, the displace-
ments at the free end can be determined as

1
g =~ tanal — L (81)
bw,L |E 1 1 alL
Wo=—> [—(tanal + — ——— ——
pIN p oL ol cosal 2

baoyL |E ol
- Z(tanar - % 82
kGAQ \/; ( anes T ) (82)

where o = Q. /p/E. The Young’s modulus, shear modulus, and
the density of the beam are denoted as E, G, and p, respec-
tively. The critical angular speed expressed in Eqs. (79) and
(80) becomes

Q=x(n —-HVE/pL? (83)

For a homogeneous cantilever rectangular beam subjected to
uniformly distributed load without rotation, the deflection can
be determined as follows by solving Eq. (71) to satisfy Egs.
(73) and (74) with « and Q being zero:

Wo = (bwo/24EI)(x* — 4Lx> + 6L%x?) — (bwyx?/2kGA)  (84)
The deflection at the free end can be determined as
wo = (bwoL*/8EI) — (bw,L?/2kG A) (85)

Euler-Bernoulli Beams

For rectangular sandwich beams with uniformly distributed
loads only, Eq. (61) reduces to Eq. (70), and Eq. (62) becomes

d'w,  ,dw, o
—9_— 86
dx* dx?  aq (86)
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The boundary condition at x = L expressed in Eq. (71) be-
comes

d?w, 2 dw,

dx? dx 0 (87)

The solution for the axial displacement u, is expressed in Eq.
(75), and the deflection can be determined as

woL
a; %
(cosax — 1)  ax
oL cosaL 2L ]

Wy = [tanaL(l — cosox) + sinax

(88)

Again, the beam becomes unstable if the condition in either Eq.
(77) or Eq. (78) exists.

The deflection at the free end for a homogeneous rectangular
beam can be determined as

bwol [E 1 i oL
= Z(tanal + — ——>n— _~
"o pQ3I \ﬁ < anaf o+ aLl oL cosaL 2) (39)

For the case of a homogeneous rectangular beam without
rotation, Eqgs. (86) and (87) reduce to the classical beam equa-
tion?” and the boundary condition for zero shear at the free end
as

d*w, b

dx* T EI 50

d’wy

3
dx” {yo o

=0 (C))
The solution can be obtained as

2
Wy = (x2—4Lx + 6L?) (92)

V. Flexural Analysis for a Tapered Rotating Sandwich
Beam

Consider a tapered sandwich beam with the dimensions of
the core and facings varying linearly with respect to its longitu-
dinal axis from k,,, h,;, and h,  of the fixed end (x = 0) to &,
h,,, and ks, at the free end (x = L) as

hy = hy,— 51x,

hy = hy, — 55X, hy = hy,—s3x (93)

where

§ E(hlo_hlL)/La S2E(h20—h2L)/L9 53=(h30“hL)/L

Using singularity functions, one can incorporate different
types of loads into equivalent distributed loads. If the weight of
the beam is the only external load, the distributed loads can be
expressed as

0(x) = @ox = 0)° — [(@o — w,)/LI{x — 0!
—Volx— 0>+ Mlx —0)72 (94)
where ¥, and M, are shear and moment reactions at the fixed

end, respectively. The linearly distributed loads at x =0 and
x = L are denoted by w, and «,, respectively. The coefficients
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of the governing equations can be evaluated as

a,=c¢, —bx a, = ¢, — dix + byx?
ay = ¢y — dox + d3x? — byx? ag=c4—byx
as=cs—dyx + bsx? A= cg — dsx + dgx? — bex?

a;=c;—bx oy =ds— 2dgx + 3bex?

0y = dz - 2d3x + 3b3x2 03 = 2b5x - d4
o, =2bx — d, o5 = 3bex — dg (95)
where

by=(2p,— p2— p3)si + 252 + P53

by =[pasT —53) + pa(s3 —sD]/2

by =[(2p, — p> — p3)si + pas3 + pasil/3
by=(2E, — E;, — E3)s, + E»5, + Ess4

bs =[Ex(si —s3) + Es(s3—sD/2

by =[(2E, — E; — E3)si + E,s3 + E;s53)/3

by =2k1G 851 + kyGo(sy — 51) + k3Ga(s; — 51)
1 = (20, — p2 — p)hyy + poly, + pahs,

ey =lpaohi, — h3) + ps(h3, — h1)1/2

3 =201 — p> — pIhi, + pahz, + p3h3 ) /3

¢4 =(2E, — E, — Ex)hy + Eyhy + Esh,,

¢s =[Ex(hi, — h3) + Es(h3, — h1)]/2
cs=[(2FE, — E, — E3)h?0 + Ezhgo + E3h§01/3
¢y = 2k G by + Ky Go(hoy — hyp) + ksGa(hs, — hy,)
di = py(sihy, — $h,) + P3(83h3, — $111,,)
dy=(2p, — po— p3)sihi, + passh3, + pssih3,
dy = (20, — p2 — p3)sthi, + pasiha, + pasihs,
dy = Ex(5,hy, — 53h5,) + Es(s3h3, — 51h,)

ds = (2E, — E, — E3)s)h} + E;s,h3, + Ess3h3,
ds = (2E, — E, — E;)sth,, + E;s3hy + Essihs,

Timoshenko Beams

The governing equations, Eqgs. (46—48), can be simplified as
follows by eliminating the function :

d?u, du, » d3w, d?w,
g + b4$c- —a, Q%+ as ) + a, )

d
+a202?w-9=f1 +f2+Qza,x—ﬁ

X a,
do 2b 2b3 0%’
><|:—w+——7w(x)+—z7F(x)]— 4 F(x)
dx  a as a,
b
- [w(x) +-7 F(x)] (96)
ay a
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d? d
— 2(x3a4 + baas) el u20 + [Q%(a,a5 — aa5) — 2bsa,) d_uo
2 d* Wo
i (a4a4 + blaS)Q Uy + (a4a6 ) dx 4

3
w
— 2(ya4 + 03a5) ‘(1_32 +[Q%asa, — ayas)

2w
— - (opa,s + 0‘4‘15)

f
=a,f15: — as /253 + (a4h3 as) —

— 2asaq + bsas)] dx

d
ﬁ (a4h2 + as)

1 Pw
+ (.0, — a1a5) 2 + (0,a, + bias)xQ? + e
7

dw 3b
X (a3 — aya¢) +—— [2(“104 + a3a5) + — (a2 — 04‘16):|
a; dx a;

2 Q?
+ o) ay+ — (asa4 + bsas) + — (a,as — aza,)
a; a4

4h 6b2 F
+ '-22 (21a4 + a3as) + —31 (a3 — 0406):| +—
a3 a3 a;

6b3 4h2

X [a_; (a% — asa¢) + —5 2 T (ay + 23a5) + (‘140‘5 + asbs)
7 a;z

b7 2 2

+ P Q(a,a5 — aza,) + QX (aa, + 1405) o7
,
F(x)
Y= ( (98)
ay

where

F@x) = J (&) dé
(]

Similarly, the boundary conditions shown in Egs. (50) and (51)
can be reduced to

dw, o
— =0 99
I:dx2 * a7]x=L ( )
d3w, d2 dw, d2u,
["6 @ Nge P g Fal D)
ae (dw 2b7 )
_ - = 1
+fiha, —fohs, + a7( ot co) o ]FL 0 (100)
Flo_, =0 (101)

Numerical techniques can be employed to soive the governing
equations, Egs. (96-98), by incorporating the boundary condi-
tions expressed in Egs. (49), (50), (99), (100), and (101).

Euler-Bernoulli Beams

The governing equations, Egs. (61) and (62), can be manip-
ulated into

d3w, d>w, dwg d?u, dug
a5 g T g TR g g a by
—a;Q%uy =1, + >+ a,¥x (102)
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d*w, d3w,
(asa5 — a3) — and a0, + a5a3) 0

2
dwo

— [2(aqus + bsas) + Q(azas — ‘13‘14)]

— Qa0 + 35“4) — 2Aa,u; + b4a5) w2

du,
— [2bsa, + QX (aza, + a1a5)] d—xo — (a0, + bias)u,
= O aa, — @105 + b1asx + a04x) + am + aus, fi

d d
— a8+ ﬁ (hsa, — as) — i (hya, + as) (103)
dx dx

The boundary condition in Eq. (63) at the free end can be
expressed as

d3w, dw d?u
l:(lG K; + Qza3 —d70 —das Tg — Qzazuo:lx

= [QzazL +f2h3L _flh2,_ x =L (104)

Boundary conditions in Egs. (58) and (59) should also be ap-
plied to obtain numerical solutions.

VI. Numerical Examples

Three cantilever sandwich rotating beams are considered for
numerical computations: a rectangular beam (beam A), a sym-
metrically tapered beam (beam B), and a nonsymmetrically
tapered beam (beam C). Aluminum core with steel facings are
modeled for the sandwich construction. Hence, the material
properties are selected as

E, = 6.89 x 10'° Pa (10 x 10° psi)
E, = E,=2.07 x 10" Pa (30 x 10° psi)

G, =2.62 x 10'° Pa (3.80 x 10° psi)

G, = G5 =8.00 x 10'° Pa (11.5 x 10° psi)
py=2710 kg/m? (169 1bm/ft%)

Py = ps = 7850 kg/m? (490 lbm/ft?)

The shear correction factors are chosed to be 0.850 for both
materials by following Cowper’s formulation® for rectangular
cross sections. The beam lengths are selected as 3.05 m (10 ft)
for all three beams. The half-thickness of the core 4, is chosen
to be 0.0762m (3in.), and a uniform thickness of 0.0508 m
(2in.) is selected for both facings of beam A. The core thick-
ness of beams B and C are tapered from 0.0762 m (3 in.) at the
fixed end to 0.0254 m (1 in.) at the free end. Both facings of
these beams have uniform thickness. Beam B has a symmetric
geometry with the same facing thickness as those of beam A.
The thickness of the bottom facing of beam C is changed to
0.0762 m (3in.) to make the beam become nonsymmetrical.
The loadings considered for all three beams are their weights
only. Hence, beam A has a uniformly distributed transverse
load, and beams B and C have linearly distributed loads.
Governing equations for both Timoshenko’s and Euler-
Bernoulli’s models were solved by the finite-difference method
(FDM). All three beams were divided into 50 equally spaced
segments in the finite-difference computations. Table 1 shows
the comparisons of axial and transverse displacements at the
free end of beam A. Since the beam had a uniform cross sec-
tion, exact solutions (ES) of the governing equations can be
determined by Egs. (75), (76), and (88). Results obtained by
FDM are in good agreement with exact solutions. Both Timo-
shenko’s beam model (TBM) and Euler-Bernoulli’s model
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Table 1  Comparison of axial displacements (i,) and deflections (w,) at the free end (x = L) of
the rectangular beam (beam A) at various rotating speeds (£2)

uy(L) wo(L)
(cm) (cm)
TBM and EBM TBM EBM

Q (rpm) ES FDM ES FDM ES FDM
0 0 0 0.05250 0.05252 0.05304 0.05306
100 0.00398 0.00398 0.05250 0.05252 0.05304 0.05306
300 0.03580 0.03580 0.05251 0.05253 0.05305 0.05307
500 0.09948 0.09948 0.05252 0.05254 0.05306 0.05308
1000 0.3984 0.3984 0.05258 0.05260 0.05312 0.05314
2000 1.601 1.601 0.05282 0.05284 0.05336 0.05338
3000 3.631 3.631 0.05322 0.05324 0.05377 0.05379
5000 10.35 10.35 0.05455 0.05457 0.05512 0.05514

Table 2 Comparison of maximum flexural stresses near the fixed end of the rectangular beam (beam A) at various rotating speeds

(€2) (results calculated by TBM and EBM are identical)

Maximum flexural stresses (MPa)

Core top Core bottom Top Facing Bottom Facing
FDM ES FDM ES FDM ES FDM ES
Q(rpm) x =6 mm x=0 x =61l mm x=0 x =61 mm x=0 x =61 mm x=0
0 1.152 1.120 —1.152 —1.120 5.761 5.999 —5.761 —5.999
100 2.501 2.549 0.1966 0.1496 9.808 10.05 —-1.715 —1.951
300 13.29 13.35 10.99 10.95 42.19 42.44 30.66 30.44
500 34.89 34.95 32.58 32.55 107.0 107.3 95.44 95.25
1000 136.3 136.4 134.0 134.0 411.1 411.5 399.6 399.5
2000 544.2 544.5 541.9 542.1 1635 1636 1624 1624
3000 1233 1234 1231 1231 3702 3704 3690 3692
5000 3517 3518 3514 3516 10550 10560 10540 10540

Table 3 Axial displacements #, and deflections w, at the free ends of beams B and C calculated by the
finite-difference method at various rotating speeds (£2)

Beam B Beam C
up(L) wo(L) us(L) Wo(L)
(cm) (cm) (cm) (cm)
Q(rpm) TBM and EBM TBM EBM TBM EBM TBM EBM
0 0 0.0563 0.0568 0.000512 0.000426 0.0592 0.0487
100 0.00361 0.0563 0.0568 0.00420 0.00410 0.0623 0.0505
300 0.0325 0.0563 0.0568 0.0327 0.0335 0.0869 0.0651
500 0.0902 0.0563 0.0568 0.0926 0.0923 0.1360 0.0942
1000 0.361 0.0564 0.0568 0.369 0.368 0.367 0.231
2000 1.45 0.0565 0.0570 1.483 1.478 1.297 0.783
3000 3.29 0.0568 0.0573 3.36 3.35 2.87 1.72
5000 9.35 0.0576 0.0581 9.55 9.53 8.12 4.88

(EBM) predict the same axial displacements. However, the
deflections calculated by EBM are slightly greater than those
calculated by TBM. The smallest value of unstable rotating

speeds of this beam was estimated to be about 25,200 rpm by

using Egs. (79) and (80). Comparisons of maximum flexural
stresses of the core and both facings near the fixed end of this
beam are shown in Table 2. Again, results calculated by both
ES and FDM are in reasonable agreement. The stresses pre-
dicted by ES are the actual stress at the fixed end, whereas
those calculated by FDM are the stresses at the station located
at 0.061 m from the fixed end. Therefore, it is reasonable to
observe that the FDM yields slightly smaller values than those

determined by ES. Both TBM and EBM yield identical values
of stresses for this case. Because of the centrifugal effect, stress
distributions are not symmetric except in the case with no rota-
tion. The top portion of the beam is under tension, and the
bottom portion is under compression with negative tensile
stresses for this case. The neutral axis is fixed at the centroidal
axis as a result of zero displacement along this axis. For a
rotating beam, the neutral axis varies its position along the
beam. It moves toward the bottom edge of the beam as the
distance away from the fixed end and the rotating speed in-
crease. It is obvious from the results that the maximum stresses
exceed the yield strengths of both materials when the rotating
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Table 4 Maximum flexural stresses in beam B calculated by using
either Timoshenko beam model or Euler-Bernoulli beam model for vari-

C.L.KO

ous rotating speeds (£2)

Maximum flexural stresses (MPa)

Q(rpm) Core top Core bottom  Top facing  Bottom facing
0 0.984 —0.984 4.95 —4.95
100 2.13 0.165 8.40 —1.50
300 11.3 9.36 36.0 26.1
500 29.7 27.8 91.2 81.3
1000 116 114 350 340
2000 463 463 1392 1382
3000 1049 1047 3150 3140
5000 2984 2982 8954 8944
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Table 5 Maximum flexural stresses in beam C calculated by the finite-difference method at x = 61 mm near the fixed end for
various rotating speeds (£2)

Maximum flexural stresses (MPa)

Core top Core bottom Top facing Bottom facing
Q (rpm) TBM EBM TBM EBM TBM EBM TBM EBM
0 1.45 1.09 —0.841 —0.633 6.65 5.01 —6.00 —4.51
100 2.69 2.30 0.296 0.523 10.49 8.69 —2.75 -1.13
300 12.6 12.0 9.39 9.77 41.7 38.2 233 26.0
500 32.2 31.3 27.6 28.2 102.5 97.1 75.9 80.2
1000 126 122 113 115 391 374 320 335
2000 501 488 457 465 1550 1488 1302 1358
3000 1135 1104 1036 1053 3505 3366 2958 3084
5000 3229 3144 2951 3000 9968 9577 8430 8782
speed reaches 1000 rpm, which is still considerably less than the Acknowledgments

unstable rotating speed. Therefore, dynamic instability will not
be a dominant mode of failure.

Table 3 shows the comparisons of maximum displacements
at the free ends of beam B and beam C calculated by FDM.
Results predicted by both TBM and EBM are in good agree-
ment for the symmetric beam (beam B). For the nonsymmetri-
cally tapered beam (beam C), TBM predicts larger deflections
than those calculated by EBM. The governing equations in-
clude nonzero terms of a; and a5 for the nonsymmetrical case,
and their effects contribute to the discrepancy between results
calculated by these two models. The axial displacement at the
central axis of the cord of beam C is not zero, even when no
rotation occurs. This is because the neutral axis is not located
at that particular point due to the nonsymmetrical geometry.
The results also show that beam C has larger displacement than
those of beam B. This is reasonable because beam C is heavier
than beam B. The maximum stresses in these two beams calcu-
lated by FDM at the location 0.061 m away from the fixed end
are shown in Table 4 and Table 5, respectively. Both TBM and
EBM yield identical values for the symmetric case (beam B).
For the nonsymmetrical case (beam C), results predicted by
these two models are also in reasonable agreement.

VII. Conclusion

The governing equations for the vibration and flexural be-
havior of a rotating sandwich beam were derived by including
the effect of variations of the neutral axis position. Results
obtained by flexural analysis indicate that this effect played an
important role in determining the characteristics of a rotating
beam or a nonsymmetric sandwich beam. Therefore, neglecting
this effect may produce inaccurate results.

This work is supported by a research excellence and eco-
nomic development fund provided by the state of Michigan.
The author would also like to express his gratitude to Professor
Charles W. Bert of the University of Oklahoma for his helpful
discussions.
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